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Abstract
Black hole thermodynamics of the Kerr-AdS spacetime in three-dimensional gen-
eral relativity is analyzed using a Hamiltonian approach. The values of the conserved
charges and entropy, obtained by a proper treatment of the AdS asymptotic conditions,
are shown to satisfy the first law of black hole dynamics.
1 Introduction
Asymptotic conditions play a crucial role in understanding basic features of the black hole
thermodynamics. In the case of asymptotically flat black holes in general relativity (GR),
the first law is shown to hold for any stationary and axially symmetric black hole with a
bifurcate Killing horizon [1]. The situation with black holes in an asymptotically anti-de
Sitter (AdS) background is more involved. As discussed by Gibbons et al. [2] for Kerr-AdS
black holes, the relation between conserved charges, entropy and the angular velocity on
one side, and the first law on the other, is not fully settled.
In order to clearly understand thermodynamics of Kerr-AdS black holes, one is naturally
led to consider the corresponding three-dimensional (3D) models, as they allow us to inves-
tigate the problem in a technically much simpler context. A detailed study of the subject
can be found in Hawking et al. [3], where the authors analyzed, inter alia, how different
coordinate systems affect the form of thermodynamic variables; see also [4, 5]. However,
some aspects of their analysis of energy and the first law require further consideration.
A Hamiltonian approach to black hole entropy has been recently proposed in Ref. [6],
and applied to asymptotically flat Kerr black holes in Ref. [7]. In the present paper, we
use the same approach to analyze thermodynamic properties of the Kerr-AdS black hole
in three-dimensional GR (GR3). Our analysis shows that a proper treatment of the AdS
asymptotic conditions ensures a consistency between the conserved charges, angular velocity
and black hole entropy, expressed by the validity of the first law.
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2 Hamiltonian approach to entropy
Although the Hamiltonian approach to entropy [6, 7] is focused on black holes in Poincare´
gauge theory [8], where both the torsion and the curvature define the gravitational dynamics,
it can be equally well used in the realm of GR as a Riemannian theory of gravity.
As a preparation for such an approach in 3D spacetime, we introduce the first-order
orthonormal frame formulation of GR3, in which the coframe b
i = biµdx
µ and the anti-
symmetric spin connection ωij = ωijµdx
µ (1-forms) are independent dynamical variables.
The related field strengths are the torsion T i = dbi + ωijkb
k ≡ ∇bi and the curvature
Rij = dωij+ωikω
kj (2-forms), and metric is defined by g = ηijb
i⊗bj , with ηij = (1,−1,−1).
In the absence of matter, the gravitational dynamics is defined by the Lagrangian 3-form
LG = −a0εijkb
iRjk −
1
3
Λ0εijkb
ibjbk , (2.1)
where a0 = 1/16pi (in units G = 1), Λ0 is a cosmological constant, and the completely
antisymmetric tensor εijk is normalized by ε012 = 1. Varying LG with respect to b
i and ωij,
one obtains the field equations of GR3 in vacuum,
δbi : −a0εijkR
jk − Λ0εijkb
jbk = 0 ,
δωij −2a0εijk∇b
k = 0 . (2.2)
The second equation yields the condition for vanishing torsion, ∇bk = 0, whereupon the
first equation takes the standard form of Einstein equation with a cosmological constant.
Our approach to black hole entropy is an extension of the Hamiltonian treatment of
conserved charges as boundary terms at infinity. In the case of a black hole solution, we
assume that the boundary of the spatial section of spacetime Σ has two components, one
at infinity and the other at horizon, ∂Σ = S∞ ∪ SH . As a consequence, the boundary
term Γ has two parts, Γ := Γ∞ − ΓH (the minus sign in front of ΓH reflects the change in
orientation). For stationary and axially symmetric black holes in GR3, with Killing vectors
∂t and ∂ϕ, these boundary terms can be defined by the variational equations [6, 7]
δΓ∞ =
∮
S∞
δB(ξ) , δΓH =
∮
SH
δB(ξ) , (2.3a)
δB(ξ) :=
1
2
(ξ ωij)δHij +
1
2
δωij(ξ Hij) , (2.3b)
where ξ is a Killing vector on S∞ or SH , and Hij is the covariant momentum
Hij :=
∂LG
∂Rij
= −2a0εijkb
k . (2.3c)
As a consequence,
δB(ξ) = −a0εijk
[
(ξ ωij)δbk + δωij(ξ bk)
]
. (2.3d)
The variational procedure is assumed to satisfy the following rules:
(a1) the variation δΓ∞ is performed over a suitable set of asymptotic states, leaving the
background configuration fixed;
2
(a2) the variation δΓH is performed by varying parameters of a solution, but keeping surface
gravity constant (the zeroth law of black hole thermodynamics).
If, under the adopted boundary conditions, Γ∞ and ΓH are finite solutions of the variational
equations (2.3), Γ∞ is interpreted as the asymptotic charge (energy-momentum or angular
momentum) whereas ΓH defines entropy as the canonical charge on horizon. However, if
Eqs. (2.3) are not integrable or their solutions are divergent, the boundary conditions have
to be reconsidered. The validity of the first law follows from the differentiability of the
canonical generator.
3 Geometry of Kerr-AdS spacetime
Here, we describe geometry of the Kerr-AdS black hole in two different coordinate systems.
Part 1. In 3D spacetime, the metric of the Kerr-AdS black can be described in the Boyer-
Lindquist coordinates (t, r, ϕ) [3] as
ds2 =
∆
r2
(
dt+
a
α
dϕ
)2
−
r2
∆
dr2 −
1
r2
[
adt+
(r2 + a2)
α
dϕ
]2
=
∆− a2
r2
dt2 −
2a
r2α
(
r2 + a2 −∆
)
dtdϕ−
Σ2
r2α2
dϕ2 −
r2
∆
dr2 , (3.1a)
where
∆ = (r2 + a2)(1 + λr2)− 2mr2 , Σ2 = (r2 + a2)2 − a2∆ , α := 1− λa2 , (3.1b)
This metric is similar to its 4D counterpart, and it solves the field equations for a0λ+Λ0 = 0.
The event horizon is defined by the larger root of ∆ = 0,
(r2+ + a
2)(1 + λr2+)− 2mr
2
+ = 0 , (3.2)
and the angular velocity is given by
ω :=
gtϕ
gϕϕ
=
a(r2 + a2 −∆)α
(r2 + a2)2 − a2∆
, ω+ := ω(r+) =
aα
r2+ + a
2
. (3.3)
For large r, the angular velocity does not vanish, ω = −λa +O2.
The metric has two Killing vectors, ∂t and ∂ϕ. Their combination ξ = ∂t − ω+∂φ is a
null vector on the horizon and normal to it. The surface gravity κ can be defined by the
relation ∂µξ
2 = −2κξµ on horizon. After rewriting the metric in terms of the ADM lapse
and shift variables n and nϕ, respectively:
ds2 = n2dt2 + gϕϕ(dϕ+ nϕdt)
2 −
dr2
H2
, (3.4a)
n2 := gtt −
g2tϕ
gϕϕ
=
r2
Σ2
∆ , nϕ :=
gtϕ
gϕϕ
, H2 =
∆
r2
. (3.4b)
the surface gravity can be calculated as
κ = n∂rH
∣∣∣
r+
=
[∂r∆]r+
2(r2+ + a
2)
=
r+(λr
2
+ − a
2/r2+)
(r2+ + a
2)
. (3.5)
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The line element (3.1) suggest the following choice for the orthonormal coframe:
b0 = H
(
dt+
a
α
dϕ
)
, b1 =
dr
H
, b2 =
1
r
(
adt+
r2 + a2
α
dϕ
)
. (3.6)
Then, horizon area is given by
A =
∫
H
b2 = 2pi
r2+ + a
2
αr+
, (3.7)
the Riemannian connection reads
ω01 = −H ′b0 −
a
r2
b2 , ω02 = −
a
r2
b1 , ω12 = −
a
r2
b0 +
H
r
b2 , (3.8)
and for λ > 0, the curvature 2-form Rij = λbibj is of the AdS type.
Part 2. Our goal is to find conserved charges and entropy of the Kerr-AdS black hole (3.1),
with respect to the background defined by m = 0. However, since the background metric
in Boyer-Lindquist coordinates depends on the parameter a, it is difficult to differentiate
the background configuration from the black hole solution. Analyzing the corresponding 4D
case, Henneaux and Teitelboim [9] found that the problem can be overcome by going over
to a new coordinate system, in which the asymptotic behaviour of the Kerr-AdS solution is
manifestly AdS, see also Hecht and Nester [10]. Analyzing the same problem in 3D, Hawking
et al. [3] used an analogous procedure based on the coordinate transformations
T = t , φ = ϕ− λat , (3.9a)
ρ2 =
r2 + a2
α
+
2ma2
α2
. (3.9b)
In these coordinates, the background metric takes the standard AdS form, see section 5.
However, it turns out that our variational approach (2.3) is well-defined even with the
restricted form of the above transformation, where the radial coordinate r is left unchanged.
To show that, we focus our attention on the (T, φ) transformations (3.9a). Let us first
calculate the new metric components:
gTT = gtt + 2λagtϕ + (λa)
2gϕϕ = 1 +
λ
α
(r2 + a2)−
2m
α2
,
gTφ = gtϕ + λagϕϕ = −
2ma
α2
,
gφφ = gϕϕ = −
(r2 + a2
α
+
2ma2
α2
)
, (3.10)
whereas grr remains unchanged, grr = 1/H
2. The horizon is determined by the same
equation (3.2), but transition to the (T, φ) coordinates modifies the angular velocity:
Ω =
gTφ
gφφ
= ω + λa , Ω+ = ω+ + λa =
a(1 + λr2+)
r2+ + a
2
. (3.11)
Asymptotically, Ω = O2. The value of the surface gravity does not change, as follows from
formula (3.5) and the relation that defines the new lapse variable N :
N2 := gTT −
g2Tφ
gφφ
= gtt −
g2tϕ
gϕϕ
≡ n2 .
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In what follows, we will use the coframe (3.6) expressed in the new coordinates as
b0 =
H
α
(dT + adφ) , b1 =
dr
H
, b2 =
1
αr
[
(r2 + a2)dφ+ a(1 + λr2)dT
]
, (3.12)
The related Riemannian connection formally coincides with the old result (3.8):
ω01 = −H ′b0 −
a
r2
b2 , ω02 = −
a
r2
b1 , ω12 = −
a
r2
b0 +
H
r
b2 . (3.13)
4 Conserved charges and entropy
Following Henneaux and Teitelboim [9], one could conclude that the coframe (3.12), ob-
tained by the (T, φ) coordinate transformations (3.9a), is still not a good choice for further
calculations, as its background form, defined by m = 0, depends on the parameter a. How-
ever, such a conclusion needs to be reconsidered in the context of our variational approach.
Namely, the rule (a1) from section 2 requires to avoid the variations δa that correspond
to the background configuration. How can one recognise and eliminate these redundant δa
terms? It turns out that there is a simple answer to this question:
(a1′) First apply δ to all a’s, then disregard those δa’s that survive the limit m = 0, as they
stem from the unneeded variation of the background configuration with m = 0.
It is interesting to note that the application of this rule to the coframe (3.6) in Boyer-
Lindquist coordinates does not work. Indeed, the variational equations (2.3) imply
δEBL = δΓ∞(∂t) = αδ
( m
4α2
)
, δJBL = δ
(ma
2α2
)
, (4.1)
where the expression δEBL is not integrable. Hence, ‘energy’ EBL is not a well-defined object,
as opposed to the result EBL = m/4α found in [3]. However, as we shall see, transition to
the (T, φ) coordinate system (3.9a) will be sufficient to consistently resolve the problem.
To continue with calculations of conserved charges based on the coframe (3.12), we
display here two useful formulas:
HδH =
1
2
δH2 = λaδa− δm+O2 , HH
′ =
1
2
(H2)′ = λr −
a2
r3
.
Energy is determined by the expression δΓ∞(∂T ), defined in (2.3). Relying on the above
rule (a1′), one finds the following nonvanishing contributions:
ω12T δb
0 =
λaH
α
δ
(
aH
α
)
dφ = −δ
(mλa2
α2
)
dφ ,
δω12b0T =
H
α
δ
(
H
α
)
dφ = −δ
(m
α2
)
dφ . (4.2)
Summing up and integrating, one obtains
δE = δΓ∞(∂T ) = 4pia0δ
[m
α2
(1 + λa2)
]
,
⇒ E =
m
4α2
(1 + λa2)−
1
8
, (4.3)
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where we used 16pia0 = 1. The value of energy for m = 0 is chosen to be −1/8, which
corresponds to the AdS background.
Similarly, the angular momentum is determined by the expression δΓ∞(∂φ). Since the
only nontrivial contribution is
ω12φδb
0 + δω12b0φ = δ
(N2a
α2
)
dφ = δ
(−2ma
α2
)
dφ , (4.4)
it follows
δJ = δΓ∞(∂φ) = 4pia0 δ
(2ma
α2
)
⇒ J =
ma
2α2
. (4.5)
To calculate entropy, we use ξ = ∂T − Ω+∂φ in δΓH(ξ). Starting with
(ξ b0)|r=r+ = 0 , (ξ b
2)|r=r+ = 0 ,
ξ ω01 = −(1− aΩ+)
1
α
HH ′
∣∣∣
r=r+
= −
∂r∆
2(r2+ + a
2)
∣∣∣
r=r+
≡ −κ , (4.6)
one obtains
δΓH(ξ) = −
∫
H
(ξ ω01)δb2 = 2a0κδA ,
⇒ δΓH(ξ) = TdS , S =
A
4
, (4.7)
where we used T = κ/2pi.
A straightforward calculation confirms the validity of the first law:
TδS = δE − Ω+δJ . (4.8)
5 Kerr-AdS metric in the BTZ form
Here, we use an independent procedure to verify the consistency of the results found in the
previous section. In the coordinate system defined by (3.9), which includes also the new
radial coordinate ρ, the Kerr-AdS metric is given by
ds2 = (−8µ+ λρ2)dT 2 − 8j dTdφ− ρ2dφ2 , (5.1)
where the expressions
µ =
m
4α2
(1 + λa2)−
1
8
, j =
ma
2α2
. (5.2)
coincide with the conserved charges (4.3) and (4.5), respectively. Using the lapse and shift
variables, the metric (5.1) can be written in the BTZ (Ban˜ados-Teitelboim-Zanelli) form
ds2 = N2dT 2 − ρ2(dφ+NφdT )
2 −
dρ2
N2
, (5.3)
where
N2 := gTT −
g2Tφ
gφφ
= −8µ+ λρ2 +
16j2
ρ2
,
Nφ :=
gTφ
gφφ
=
4j
ρ2
. (5.4)
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On the AdS background with m = 0, the integration constants are µ = −1/8 and j = 0.
Horizon is defined by the larger root of N2 = 0:
ρ2
±
=
4
λ
(
µ±
√
µ2 − λj2
)
. (5.5)
Horizon area, angular velocity and surface gravity are given by
A(ρ+) = 2piρ+ , Ω+ =
4j
ρ2+
,
κ(ρ) =
1
2
∂ρN
2
∣∣∣
ρ+
= λρ+ −
16j2
ρ3+
. (5.6)
By choosing a new coframe
bˆ0 = NdT , bˆ1 =
dρ
N
, bˆ2 = ρ(dφ+NφdT ) , (5.7)
one can calculate the Riemannian connection as
ωˆ01 = −N ′bˆ0 −Nφbˆ
2 , ωˆ02 = −Nφbˆ
1 , ωˆ12 = −Nφbˆ
0 +
N
ρ
bˆ2 . (5.8)
The basis bˆi has a particularly clean asymptotic form, in accordance with the discussion
given in [9]. The variational formulas (2.3) produce the results
δΓ∞(∂T ) = −2a0
∫
S∞
δω12bˆ0T = 16pia0δµ ,
δΓ∞(∂φ) = −2a0
∫
S∞
δω01bˆ2φ = 16pia0δj , (5.9)
and consequently, the conserved charges take the expected form:
E = µ , J = j . (5.10)
Entropy is defined by the Killing vector ξ = ∂T − Ω+∂φ:
δΓH(ξ) = −2a0
∫
H
(ξ ω01)δb2 = 2a0κδA = TδS . (5.11)
Finally, using the expression (5.5) for ρ+, one can easily verify the validity of the first law
in the standard form (4.8).
6 Discussion
In the present paper, we studied conserved charges, angular velocity and entropy as ther-
modynamic variables of the Kerr-AdS black hole in GR3. These variables are found to be
consistently related to each other through the first law of black hole dynamics. The result is
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obtained using the Hamiltonian approach to black hole entropy [6] and additionally verified
by transforming the metric into the BTZ form.
One should note that our results for thermodynamic variables in Boyer-Lindquist coor-
dinates differ from those given in Ref. [3], section 3. To explain the difference, consider the
value of the regularized Euclidean action, analytically extended to the Minkowski region:
I3 = βF , F :=
m
4α
−
λ(r2 + a2)
4α
, (6.1)
where β is the inverse temperature. The expression for free energy F can be represented in
two coordinate systems, (t, ϕ) and (T, φ), as follows:
F (t, ϕ) =
m
4α
− ω+J − TS , F (T, φ) = µ− Ω+J − TS . (6.2)
In the first option, EBL := m/4α is interpreted as energy and ω+ as angular velocity in the
Boyer-Lindquist coordinates, compare with Eq. (3.22) in [3]. However, this option is not
consistent, as follows from the following arguments:
i) the notion of energy in the Boyer-Lindquist coordinates (t, ϕ) is not well defined since
the variation δΓ∞(∂t) is not integrable, see Eq. (4.1);
ii) the choice EBL = m/4α does not comply with the first law.
On the other hand, the second option offers a consistent interpretation of µ as energy and
Ω+ as angular velocity of the Kerr-AdS black hole, in complete agreement with the standard
form (4.8) of the first law.
We plan to extend the present approach to the corresponding 4D problem [2].
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